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Abstract
In the framework of the geometrically nonlinear 6–parameter resultant shell
theory we give a characterization of the shells without drilling rotations. These are
shells for which the strain energy function W is invariant under the superposition
of drilling rotations, i.e. W is insensible to the arbitrary local rotations about the
third director d3 . For this type of shells we show that the strain energy density W
can be represented as a function of certain combinations of the shell deformation
gradient F and the surface gradient of d3 , namely W
(
F TF , F Td3 , F
TGradsd3
)
.
For the case of isotropic shells we present explicit forms of the strain energy function
W having this property.
1 Introduction
There exist many variants of the shell theory in the literature and various different models
for shells and plates [2, 8]. Some of them are classical, such as the Kirchhoff–Love shell
theory or the Reissner–Mindlin theory [17, 18, 30, 33]. These approaches do not take into
account the drilling rotations in shells, i.e. the rotations of points about the shell filament.
Although the classical theories can handle the majority of practical shell problems, there
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exist however situations when the drilling rotations cannot be neglected. For instance,
in the case of shells with a certain microstructure or for branching and self-intersecting
shells one should account also for the drilling rotations [6, 15, 16, 31, 32]. The question
whether one has to consider a drilling degree of freedom or not is intensively discussed
in the literature. Since in the classical Kirchhoff–Love and Reissner–Mindlin there is no
drilling degree of freedom present, there is also no energy storage due to this variable.
Other non-classical approaches are more general, such as the Cosserat–type theories of
shells or micropolar shells [9, 1]. A general theory of micropolar shells has been developed
by Eremeyev and Zubov [12]. It is conceivable, that a Cosserat–type shell model has
the possibility of drilling degrees of freedom. In this case it is a matter of assumption
of what is the contribution to the stored elastic energy. For these generalized models
each material point has six degrees of freedom (parameters): 3 for the translations and
3 rotational degrees of freedom. In order to characterize the independent rotations of
material points, one considers a triad of vectors {di} (called directors) attached to every
point. The drilling rotations are then described as rotations about the third director d3 .
It is difficult to physically justify the drilling degree of freedom. Therefore we wish to
characterize the shells without drilling rotations, i.e. the case when the strain energy
of the shell is insensible to rotations about the director d3 . In the framework of the
6-parameter resultant shell theory we prove a representation theorem for shells without
drilling rotations, which asserts that the strain energy density W of such shells can be
represented as a function of the following arguments
W = W
(
F TF , F Td3 , F
TGradsd3
)
,
where F is the shell deformation gradient tensor and Grads denotes the surface gradient
operator.
It is now firmly established that the 6-parameter resultant shell theory [16, 6, 10] has
the same kinematical structure as the theory of Cosserat shells. The shells of Cosserat–
type without drilling rotations have been studied extensively by Zhilin in [36, 37]. We
compare next our results with the model of Zhilin and find a close relation, especially in
the linearized theory.
In the last section we consider the explicit form of the strain energy function for isotropic
shells made of a physically linear material. The existence of minimizers for 6–parameter
elastic shells has been proved in [4, 5] under certain conditions on the constitutive co-
efficients which insure the positive definiteness of W . However, the existence theorem
presented in [5] does not apply to shells without drilling rotations, since we obtain here a
limit case when the strain energy function is only positive semi-definite. In this case one
could adapt the methods presented for Cosserat plates in [19, 24] and prove the existence
of minimizers for shells without drilling rotations.
This discussion on the drilling degree of freedom is intimately related to the value of the
Cosserat couple modulus µc in the shell models derived by dimensional reduction from
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three-dimensional Cosserat elasticity, where the parent model is a hyperelastic micropolar
model [21, 22, 23]. Thus, the case of shells without drilling degree of freedom corresponds
to µc = 0 . This is a degenerate case, which was studied extensively by Neff in [24], see
also [27, 14, 28, 13]. In general, it can be said, that the nonlinear theories without drill are
not well-posed as minimization problems, since a certain control of the third director in
combination with the coupling of the director to the shell surface is missing. Only in the
linearized models this problem can be solved [20, 23, 25, 26]. Thus, from a mathematical
point of view, the inclusion of the drilling degree of freedom stabilizes somehow the model
at the expense of physical clarity.
2 Field equations for 6–parameter elastic shells
In this section we repeat the basic equations of the 6–parameter resultant shell theory
and present some useful relations.
Let us denote with S0 the base surface of a general shell in the reference configuration
and with S the base surface in the deformed configuration. The shell is referred to a
fixed Cartesian frame with origin O and unit vectors {e1, e2, e3} along the coordinate
axes. The reference configuration of the shell will be described by the position vector y0
and the structure tensor Q0, which is a proper orthogonal tensor. In order to represent
the structure tensor Q0 we consider an orthonormal triad of vectors {d01,d02,d03} (called
directors) attached to every point of S0 such that Q0 = d0i ⊗ ei [6, 11]. Here we employ
the summation convention over repeated indexes. The Latin indexes i, j, ... take the values
{1, 2, 3}, while Greek indexes α, β, ... the values {1, 2}.
We denote the material curvilinear coordinates on the surface S0 with (x1, x2) ∈ ω. The
set ω is assumed to be a bounded open domain with Lipschitz boundary ∂ω in the Ox1x2
plane. Then the reference configuration of the shell is characterized by the functions
y0 : ω ⊂ R2 → R3, y0 = y0(x1, x2),
Q0 : ω ⊂ R2 → SO(3), Q0 = d0i (x1, x2)⊗ ei .
Let us designate by y(x1, x2) the position vector of the points of S and by R(x1, x2) =
di(x1, x2)⊗ei ∈ SO(3) the structure tensor in the deformed configuration. Here {di(x1, x2)}
is the orthonormal triad of directors attached to the point of S with the initial curvilinear
coordinates (x1, x2). Then, one can characterize the deformation of the elastic shell by
means of the functions
y = χ(y0), Qe = di ⊗ d0i ∈ SO(3),
where χ : S0 → R3 represents the deformation of the base surface of the shell and
Qe = RQ0,T describes the (effective) elastic rotation.
For the reference base surface S0 we denote with {a1,a2} the (covariant) base vectors
given by aα = ∂y
0/∂xα and with n
0 = a1 × a2/‖a1 × a2‖ the unit normal to S0.
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We introduce also the reciprocal (contravariant) base vectors {a1,a2} and the notations
a3 = a
3 = n0 such that the relations ai · aj = δji (the Kronecker symbol) holds. In the
reference configuration S0 we choose the initial director d03 such that d
0
3 = n
0.
In order to present the elastic shell strain measures and bending–curvature measures we
designate by ∂α ≡ ∂∂xα the partial derivative with respect to xα and by F = Gradsy =
∂αy ⊗ aα the shell deformation gradient tensor. We also employ the notations
a = aα ⊗ aα = aαβaα ⊗ aβ = aαβaα ⊗ aβ = d0α ⊗ d0α, a =
√
det(aαβ)2×2 > 0,
b = −Gradsn0 = −∂αn0 ⊗ aα,
c = −n0 × a = −a× n0 = 1√
a
ǫαβ aα ⊗ aβ =
√
a ǫαβ a
α ⊗ aβ = ǫαβ d0α ⊗ d0β ,
(1)
where ǫαβ is the two-dimensional alternator (ǫ12 = −ǫ21 = 1 , ǫ11 = ǫ22 = 0). The tensors
a and b are the first and second fundamental tensors of the surface S0, while c is called
the alternator tensor of S0 [37]. We have aT = a , bT = b and cT = −c.
Then, the elastic shell strain tensor Ee in the material representation is [11, 6]
Ee = Qe,TGrads y −Grads y0 =
(
Qe,T∂αy − ∂αy0
)⊗ aα , (2)
The bending–curvature tensor Ke in material representation is given by [11, 6, 4]
Ke = Qe,Taxl(∂αQ
eQe,T )⊗ aα = axl(Qe,T∂αQe)⊗ aα, (3)
We can represent Ke in terms of R and Q0 in the form
Ke = Q0
[
axl(RT∂αR)− axl(Q0,T∂αQ0)
]⊗ aα , (4)
or equivalently
Ke =K −K0, with K = Q0axl(RT∂αR)⊗ aα ,
K0 = Q0axl(Q0,T∂αQ
0)⊗ aα = axl(∂αQ0Q0,T )⊗ aα .
(5)
It is useful to express the tensors Ee and Ke decomposed in the tensor basis {d0i ⊗ aα}.
Thus, we obtain
Ee = [(∂αy · di)d0i − aα]⊗ aα,
K = [(∂αd2 · d3)d01 + (∂αd3 · d1)d02 + (∂αd1 · d2)d03 ]⊗ aα,
K0 = [(∂αd
0
2 · d03)d01 + (∂αd03 · d01)d02 + (∂αd01 · d02)d03 ]⊗ aα.
(6)
Thus, the tensor components are
Ee = Eeiαd
0
i ⊗ aα = (∂αy · di − aα · d0i )d0i ⊗ aα,
Ke = Keiαd
0
i ⊗ aα = 12 eijk(∂αdj · dk − ∂αd0j · d0k)d0i ⊗ aα
= (∂αd2 · d3 − ∂αd02 · d03)d01 ⊗ aα + (∂αd3 · d1 − ∂αd03 · d01)d02 ⊗ aα
+(∂αd1 · d2 − ∂αd01 · d02)d03 ⊗ aα,
(7)
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where eijk is the three-dimensional alternator (i.e. the signature of the permutation
(1, 2, 3) → (i, j, k)).
Let the tensorsN andM be the internal surface stress resultant and stress couple tensors
of the 1st Piola–Kirchhoff type for the shell. The equilibrium equations for 6–parameter
shells are [6, 11, 5]
DivsN + f = 0,
DivsM + axl(NF
T − FNT ) + l = 0, (8)
where f and l are the external surface resultant force and couple vectors applied to
points of S, but measured per unit area of S0 . Here Divs denotes the surface divergence
and axl( · ) represents the axial vector of a skew–symmetric tensor. To formulate the
boundary–value problem, we consider boundary conditions of the type [29]
Nν = n∗, Mν =m∗ along ∂S0f ,
y = y∗, R = R∗ along ∂S0d ,
(9)
where ν is the external unit normal vector to the boundary curve ∂S0 (lying in the tangent
plane) and {∂S0f , ∂S0d } is a disjoint partition of ∂S0 .
Let W = W (Ee,Ke) be the strain energy density of the elastic shell, measured per unit
area of the base surface S0 . The principle of energy can be written in the form [37]
W˙ = (Qe,TN) · E˙e + (Qe,TM ) · K˙e, (10)
where a superposed dot designates the material time derivative and · means the scalar
product of tensors, i.e. S · V = tr(STV ). Similar relations expressing the internal
virtual power and the principle of virtual work have been presented in [10, 11]. Under
the hyperelasticity assumption, N and M are expressed by the constitutive equations
N = Qe
∂ W
∂Ee
, M = Qe
∂ W
∂Ke
. (11)
To resume, the boundary–value problem for non-linear elastic 6–parameter shells consists
of the equations (2), (3), (8), (9), and (11). The minimization problem associated to the
deformation of elastic shells can be put in the following form: find the pair (yˆ, Rˆ) in the
admissible set A which realizes the minimum of the functional
I(y,R) =
∫
S0
W (Ee,Ke) dS − Λ(y,R) for (y,R) ∈ A,
where dS is the area element of the surface S0 and Λ(y,R) is a function representing
the potential of external surface loads f , l, and boundary loads n∗, m∗ [10, 5]. The
admissible set is
A = {(y,R) ∈H1(ω,R3)×H1(ω, SO(3)) ∣∣ y∣∣∂S0
d
= y∗, R∣∣∂S0
d
= R∗
}
,
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where H1 designates the well-known Sobolev space and the boundary conditions are to
be understood in the sense of traces.
We remark that the 6–parameter model of shells takes into account also the deforma-
tions caused by the so-called drilling rotations. The drilling rotation in a point of S is
interpreted as the rotation about the director d3 .
In what follows, we describe the shells which are insensible to drilling rotations, in the
framework of the 6–parameter theory. This class of shells is important since it is widely
used in applications.
3 Characterization of shells without drilling rotations
For shells completely without drilling rotations the strain energy W must be insensible
to the rotations about d3 . Let Rθ denote the rotation of angle θ(x1, x2) about d3 . The
general form of Rθ may be given by
Rθ = d3 ⊗ d3 + cos θ(1− d3 ⊗ d3) + sin θ(d3 × 1),
or equivalently, written in the {di ⊗ dj} tensor basis,
Rθ = cos θ(d1 ⊗ d1 + d2 ⊗ d2) + sin θ(d2 ⊗ d1 − d1 ⊗ d2) + d3 ⊗ d3 . (12)
In other words, the shells without drilling rotations are characterized by the property
that W (Ee,Ke) remains invariant under the superposition of arbitrary rotations angle
θ(x1, x2) about d3 , i.e. invariant under the transformation
Qe −→ RθQe . (13)
Taking into account the relations (2), (3), and (13), we see that the strain and bending-
curvature measures Ee and Ke transform as
Ee −→ Qe,TRTθ F − a,
Ke −→ axl[Qe,TRTθ ∂α(RθQe)]⊗ aα
(14)
In view of (2), (3), and (14), the invariance condition on the strain function W can be
written as
W (Qe,TF − a , axl(Qe,T∂αQe)⊗ aα)
= W
(
Qe,TRTθ F − a , axl[Qe,TRTθ ∂α(RθQe)]⊗ aα
) (15)
for all rotation angles θ(x1, x2).
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If we employ the tensors components Eeiα and K
e
iα introduced in (7), then the invariance
condition (15) can be put into another form: we denote by dθi the directors rotated with
angle θ about d3 in the configuration, i.e.
dθ1 = Rθd1 = cos θ d1 + sin θ d2 , d
θ
2 = Rθd2 = − sin θ d1 + cos θ d2 ,
dθ3 = Rθd3 = d3 , RθQ
e = dθi ⊗ d0i .
(16)
Then, the transformation (14) can be written with the help of the components (7) as
follows
Eeiα d
0
i ⊗ aα −→ (∂αy · dθi − ∂αy0 · d0i )d0i ⊗ aα,
Keiα d
0
i ⊗ aα −→ 12 eijk(∂αdθj · dθk − ∂αd0j · d0k)d0i ⊗ aα
(17)
and the invariance condition (15) on the strain energy function W takes the form
W˜ (Eeiα , K
e
iα ) = W˜
(
∂αy · dθi − ∂αy0 · d0i , 12 eijk(∂αdθj · dθk − ∂αd0j · d0k)
)
, (18)
where the components Eeiα and K
e
iα are given in (7) and the function W˜ is defined by
W˜ (Eeiα , K
e
iα) = W (E
e
iαd
0
i ⊗ aα , Keiαd0i ⊗ aα).
We present now the main result, which gives a representation theorem for the strain
energy functionW that satisfy the invariance condition (15), i.e. for shells without drilling
rotations.
Theorem 1. The strain energy function W of the shell is invariant under the transfor-
mations (13) (i.e. it is insensible to drilling rotations) if and only if it can be represented
as a function of the following arguments
W = Wˆ
(
F TF , F Td3 , F
TGradsd3
)
. (19)
Proof. We observe first that any functionW which admits a representation of the type (19)
is invariant under the transformations (13). Indeed, the vectors y and d3 are invariant
under rotations about d3 . Therefore, the tensors F = Gradsy and Gradsd3 are also
invariant under rotations (12) and consequently, any function Wˆ of the combinations
(F TF , F Td3 , F
TGradsd3
)
is invariant under the transformation (13).
Conversely, let us prove that any strain energy function W satisfying this invariance
condition admits necessarily a representation of the form (19). We assume that W fulfills
the invariance relation (15), which is equivalent to (18). In order to write (18) in a more
convenient form, we calculate the scalar products
∂αd
θ
2 · dθ3 = d3 · ∂αdθ2 ,
∂αd
θ
3 · dθ1 = −dθ3 · ∂αdθ1 = −d3 · ∂αdθ1 ,
∂αd
θ
1 · dθ2 =
[
(cos θ ∂αd1 + sin θ ∂αd2) + (− sin θ d1 + cos θ d2)∂αθ
]·(− sin θ d1 + cos θ d2)
= ∂αd1 · d2 + ∂αθ .
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Using relations of this type we can put the condition (18) in the following form
W˜ (Eeiα , K
e
1α , K
e
2α , K
e
3α ) = W˜
(
∂αy · dθi − aα · d0i , ∂αdθ2 · d3 − ∂αd02 · n0 ,
−∂αdθ1 · d3 + ∂αd01 · n0 , ∂αθ + ∂αd1 · d2 − ∂αd01 · d02
)
,
(20)
where dθi are expressed by (16). Relation (20) must hold for all angles of rotation
θ = θ(x1, x2). Since the left-hand side is independent of θ and ∂αθ, it follows that the
derivatives of the right-hand side with respect to θ and ∂αθ are zero. Thus, taking the
derivative of (20) with respect to ∂αθ we obtain by the chain rule
∂W˜
∂ Ke3α
= 0, or equivalently
∂W˜
∂(n0Ke)
= 0, (21)
since n0Ke = d03(K
e
iα d
0
i ⊗aα) = K3αaα. If we differentiate the relation (20) with respect
to θ and use the relations
d
dθ
(dθ1) = d
θ
2 ,
d
dθ
(dθ2) = −dθ1 ,
d
dθ
(∂αd
θ
2 · d3) = −∂αdθ1 · d3 ,
d
dθ
(∂αd
θ
1 · d3) = ∂αdθ2 · d3 ,
then we get
∂W˜
∂ Ee1α
· (∂αy · dθ2) +
∂W˜
∂ Ee2α
· (−∂αy · dθ1)
+
∂W˜
∂ Ke1α
· (−∂αdθ1 · d3) +
∂W˜
∂ Ke2α
· (−∂αdθ2 · d3) = 0.
(22)
Inserting (16) into (22) we get the equivalent form
sin θ
[ ∂W˜
∂ Ee1α
· (∂αy · d1) + ∂W˜
∂ Ee2α
· (∂αy · d2) + ∂W˜
∂ Ke1α
· (∂αd2 · d3)
+
∂W˜
∂ Ke2α
· (−∂αd1 · d3)
]
+ cos θ
[ ∂W˜
∂ Ee1α
· (−∂αy · d2) + ∂W˜
∂ Ee2α
· (∂αy · d1)
+
∂W˜
∂ Ke1α
· (∂αd1 · d3) + ∂W˜
∂ Ke2α
· (∂αd2 · d3)
]
= 0,
(23)
which must hold for every angle θ = θ(x1, x2). Thus, both square brackets in (23) must
be zero. We show next that the relation (21) implies the equation
∂W
∂Ee
· (cQe,TF ) + ∂W
∂Ke
· (cK) = 0, (24)
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where · denotes the scalar product of tensors and c is defined in (1). Indeed, we have
∂W
∂Ee
=
∂W˜
∂ Eeiα
d0i ⊗ aα ,
∂W
∂Ke
=
∂W˜
∂ Keiα
d0i ⊗ aα ,
cQe,TF = (ǫαβd
0
α ⊗ d0β)(d0i ⊗ di)(∂γy ⊗ aγ) = ǫαβ(d0α ⊗ dβ)(∂γy ⊗ aγ)
= ǫαβ(∂γy · dβ)d0α ⊗ aγ = (∂αy · d2)d01 ⊗ aα − (∂αy · d1)d02 ⊗ aα,
cK = (ǫαβd
0
α ⊗ d0β)[(∂γd2 · d3)d01 + (∂γd3 · d1)d02 + (∂γd1 · d2)d03 ]⊗ aγ
= −(∂αd1 · d3)d01 ⊗ aα − (∂αd2 · d3)d02 ⊗ aα
and inserting this in the left-hand side of (24) we obtain the last square bracket in (23),
which is equal to zero.
Thus, the relation (24) holds true. In view of (2) and (5) we can express the relation (24)
in terms of Ee and Ke in the form
∂W
∂Ee
· c(Ee + a) + ∂W
∂Ke
· c(Ke +K0) = 0. (25)
We regard the relation (25) as a first order linear partial differential equation for the
unknown function W (Ee,Ke). The characteristic system attached to the differential
equation (25) is (see e.g. [34], Sect. 6.3)
dEe
ds
= c(Ee + a),
dKe
ds
= c(Ke +K0). (26)
Since the unknown function W (Ee,Ke) depends in total on 12 independent scalar argu-
ments (6 components of Ee and 6 components of Ke in the tensor basis {d0i ⊗ aα}) it
suffices to determine 11 independent first integrals of the system of ordinary differential
equations (26). Then, the general solution of the equation (24) can be represented as an
arbitrary function of the 11 first integrals.
Let us introduce the functions U 1 , U 2 , U 3 , and U 4 given by
U 1 = (E
e + a)T (Ee + a), U 2 = n
0Ee,
U 3 = (E
e + a)Tc (Ke +K0), U 4 = n
0Ke.
(27)
We show that U 1 , U 2 , U 3 , U 4 represent first integrals of the system (26). Indeed,
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taking into account n0c = 0 , aT = a , and cT = −c and (26) we find
dU 1
ds
=
(dEe
ds
)T
(Ee + a) + (Ee,T + a)
dEe
ds
= (Ee,T + a)(−c)(Ee + a) + (Ee,T + a)c (Ee + a) = 0,
dU 2
ds
= n0
dEe
ds
= n0[c(Ee + a)] = 0,
dU 3
ds
=
(dEe
ds
)T
c(Ke +K0) + (Ee,T + a)c
dKe
ds
= (Ee,T + a)(−c)c (Ke +K0) + (Ee,T + a)c c (Ke +K0) = 0,
dU 4
ds
= n0
dKe
ds
= n0[c(Ke +K0)] = 0.
The functions U 1 , U 2 , U 3 , U 4 give in total 11 independent first integrals: 3 components
of U 1 (symmetric) and 4 components of U 3 in the tensor basis {d0α⊗aβ}, 2 components
of the vector U 2 and 2 components of the vector U 4 in the basis {a1,a2}.
According to the theory of differential equations (see e.g. [34], Sect. 6.1), the general
solution of the partial differential equation (25) has the form
W (Ee,Ke) = Wˆ (U 1 , U 2 , U 3 , U 4). (28)
On the other hand, by virtue of (21) we have
∂W
∂U 4
= 0 and from (28) we deduce that
the energy function W can be represented as
W (Ee,Ke) = Wˆ (U 1 , U 2 , U 3). (29)
Finally, by a straightforward calculation we obtain from (27) and (2)–(6) the relations
U 1 = (E
e + a)T (Ee + a) = (Qe,TF )T (Qe,TF ) = F TF ,
U 2 = n
0Ee = d03(Q
e,T∂αy − aα)⊗ aα =
[
(Qed03) · ∂αy
]
aα = (d3 · ∂αy)aα
= d3(∂αy ⊗ aα) = F Td3 ,
U 3 = (E
e + a)Tc (Ke +K0) = (Qe,TF )TcK = F TQe(d01 ⊗ d02 − d02 ⊗ d01)K
= F T (d1 ⊗ d02 − d2 ⊗ d01)
[
(∂αd2 · d3)d01 + (∂αd3 · d1)d02 + (∂αd1 · d2)d03
]⊗ aα
= F T
[
(∂αd3 · d1)d1 + (∂αd3 · d2)d2
]⊗ aα = F T [(d1 ⊗ d1 + d2 ⊗ d2) ∂αd3]⊗ aα
= F T (di ⊗ di)(∂αd3 ⊗ aα) = F T Gradsd3 .
Inserting these expressions for U i in (29) we obtain that the representation (19) holds
true. The proof is complete.
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Remark 2. The values of the arguments of the function Wˆ in (19), calculated in the
reference configuration S0, are
F TF ∣∣S0 = aTa = a, F Td3∣∣S0 = aTd03 = 0 ,
F TGradsd3∣∣S0 = aTGradsd03 = Gradsn0 = −b .
Then, one can introduce the measures of deformation E , γ , Ψ defined by
E =
1
2
(F TF − a) , γ = F Td3 ,
Ψ = (F TGradsd3 + b) + Eb ,
(30)
and the strain energy function (19) can be represented as
W = Wˇ (E ,γ,Ψ). (31)
The tensor E is a second order symmetric tensor accounting for extensional and in-plane
shear strains, γ is the vector of transverse shear deformation, and Ψ is a second order
tensor for the bending and twist strains. We designate by Ee‖ = aE
e = Eβαd
0
β ⊗ aα the
“planar part” of Ee (in the tangent plane) and by Ee⊥ = n
0Ee = E3αa
α the “normal
part” of Ee, and analogously Ke‖ = aK
e = Kβαd
0
β ⊗ aα. Then, in view of (2), (3), the
tensors (30) can be written in the alternative forms
E = 1
2
Ee,TEe + sym(Ee‖) , γ = n
0Ee = Ee⊥ ,
Ψ = (Ee,T + a)cKe + [ 1
2
Ee,TEe + skew(Ee‖) ] b ,
(32)
Remark 3. Instead of the first integral U 3 introduced in the proof of the Theorem, one
can consider alternatively the following first integral:
U 5 = (E
e,T
‖ + a)(K
e +K0). (33)
Indeed U 5 is a first integral of the system (26) since we have
dU 5
ds
=
d
ds
[
(Ee,T + a)a(Ke +K0)
]
=
(dEe
ds
)T
a(Ke +K0) + (Ee,T + a)a
dKe
ds
= (Ee,T + a)(−c)a (Ke +K0) + (Ee,T + a)ac (Ke +K0) = 0.
On the other hand, the function U 5 given by (33) can be expressed in terms of F and
Gradsd3 as follows
U 5 = (E
e + a)Ta (Ke +K0) = F TQeaK
= F TQea
[
(∂αd2 · d3)d01 + (∂αd3 · d1)d02 + (∂αd1 · d2)d03
]⊗ aα
= F T (di ⊗ di)
[
(∂αd2 · d3)d01 + (∂αd3 · d1)d02
]⊗ aα
= F T
[
(−∂αd3 · d2)d1 + (∂αd3 · d1)d2
]⊗ aα = F T (d2 ⊗ d1 − d1 ⊗ d2)(∂αd3 ⊗ aα)
= F T
[
(d3 × di)⊗ di
]
Gradsd3 = F
T
(
d3 × 1 3
)
Gradsd3 = F
T
(
d3 × Gradsd3
)
.
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Thus, if we employ the first integrals U 1 , U 2, and U 5 we obtain the following alternative
representation of the strain energy function
W = W¯
(
F TF , F Td3 , F
T (d3 × Gradsd3)
)
. (34)
Like in Remark 2, one can introduce the measures of deformation E , γ and Φ defined by
(30)1,2 and respectively
Φ = [F T (d3 ×Gradsd3) + n0 × b ] + E(n0 × b). (35)
The tensor Φ accounts for bending and twist strains and was previously introduced by
Zhilin [37]. It can be rewritten in the form
Φ = (Ee,T + a)Ke‖ − [12 Ee,TEe + skew(Ee‖) ] c b. (36)
With the help of E , γ and Φ one can give the following representation for the strain
energy function
W =
˘˘
W (E,γ,Φ). (37)
The form (37) was established previously in [37]. The only difference to the representation
(31) is the definition of the bending–twist tensor Φ in (35), as compared to Ψ in (30)3 .
By comparison of the relations (30)3 and (35) one can see that the definition (30)3 for
the bending–twist tensor is more appropriate since the vector product in (35) introduces
an additional (unnecessary) rotation of Gradsd3 in the plane of {d1,d2}.
Remark 4. Let us write the above representations in the linearized theory. For the linear
theory we introduce the small (infinitesimal) displacement u = y − y0 and the vector of
small rotations ψ such that [6, 37]
Qe
.
= 1 3 +ψ × 1 3 , Qe,T .= 1 3 −ψ × 1 3 .
Then, we have
F
.
= Gradsu+ a = (∂αu+ aα)⊗ aα,
axl(∂αQ
eQe,T ) = ∂αψ, axl(Q˙
eQe,T ) = ψ˙
and from (2), (3) we find, in the approximation of the linear theory,
Ee
.
= Gradsu− (ψ × a) = (∂αu−ψ × aα)⊗ aα,
Ke
.
= Gradsψ = ∂αψ ⊗ aα.
(38)
Using (32), (36) and (38) we find the expressions of E , γ and Ψ in the linear theory
E
.
= sym(aGradsu), γ
.
= n0Gradsu+ cψ,
Ψ
.
= cΦ
.
= cGrads(aψ) + [skew(aGradsu)] b,
(39)
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We note that the relation between the tensors Ψ and Φ in the linear theory is very simple:
Ψ
.
= cΦ . If we decompose the vector of small rotations as ψ = ψia
i, then the drilling
rotations are described by the component n0 ·ψ = ψ3 . We remark that
cψ =
1√
a
(a1 ⊗ a2 − a2 ⊗ a1)ψ = 1√
a
(ψ2a1 − ψ1a2),
Grads(aψ) = Grads(ψβa
β) = ∂α(ψβa
β)⊗ aα
and from (39) we see that the tensors E , γ and Ψ are indeed independent of the drilling
rotations ψ3 .
In this case one gets the Reissner-type kinematics of shells [35, 26] with 5 degrees of
freedom.
4 The case of isotropic shells
The local symmetry group for 6-parameter elastic shells has been studied in [11]. The
expression of the strain energy for a physically linear model has the general form
2W (Ee,Ke) = α1
(
trEe‖
)2
+ α2 tr
(
Ee‖
)2
+ α3 tr
(
E
e,T
‖ E
e
‖
)
+ α4(n
0Ee)2
+β1
(
trKe‖
)2
+ β2 tr
(
Ke‖
)2
+ β3 tr
(
K
e,T
‖ K
e
‖
)
+ β4(n
0Ke)2.
(40)
The constitutive coefficients α1 ,..., α4 , β1 ,..., β4 can depend in general on the initial
structure curvature tensor K0, but we assume for simplicity that they are constant.
Provided that the coefficients αk and βk satisfy the following inequalities
2α1 + α2 + α3 > 0, α2 + α3 > 0, α3 − α2 > 0, α4 > 0,
2β1 + β2 + β3 > 0, β2 + β3 > 0, β3 − β2 > 0, β4 > 0, (41)
the energy function (40) is coercive in the sense that there exists a constant C > 0 with
W (Ee,Ke) ≥ C( ‖Ee‖2 + ‖Ke‖2 ).
Under the conditions (41) we can prove the existence of minimizers for isotropic elastic
shells. To this aim we apply the recent existence result in the theory of 6–parameter shells
given by Theorem 1 in [5], see also [19].
Remark 5. One can find in the literature some simplified versions of the strain energy
(40) for 6-parameter isotropic shells. For instance, in [6, 7] the following special form is
employed
2W (Ee,Ke) = C
[
ν (trEe‖)
2 + (1− ν) tr(Ee,T‖ Ee‖)
]
+ αsC(1− ν)n0EeEe,Tn0
+D
[
ν (trKe‖)
2 + (1− ν) tr(Ke,T‖ Ke‖)
]
+ αtD(1− ν)n0KeKe,Tn0,
(42)
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where C = E h
1−ν2
is the stretching (in-plane) stiffness of the shell, D = E h
3
12(1−ν2)
is the
bending stiffness, h is the thickness of the shell, and αs , αt are two shear correction
factors. Also, E and ν denote the Young modulus and Poisson ratio of the isotropic
and homogeneous material. By the numerical treatment of non-linear shell problems, the
values of the shear correction factors have been set to αs = 5/6, αt = 7/10 in [7]. In this
simpler case, the coefficients αk and βk from (40) have the expressions
α1 = Cν, α2 = 0, α3 = C(1− ν), α4 = αsC(1− ν),
β1 = Dν, β2 = 0, β3 = D(1− ν), β4 = αtD(1− ν). (43)
We remark that the conditions (41) are satisfied for the values (43), by virtue of the well-
known inequalities E > 0 and −1 < ν < 1
2
(or equivalently, µ > 0 and 2µ+3λ > 0, in
terms of the Lame´ moduli λ, µ).
Let us consider next isotropic shells without drilling rotations. Zhilin [37] determined the
following form of the strain energy W as a quadratic function of its arguments E , γ, Φ
2W = 2
˘˘
W (E,γ,Φ) = C
[
(1− ν)‖E‖2 + ν(trE)2]+ 1
2
C(1− ν)κγ2
+D
[ ‖Φ‖2 − ν tr(Φ2)− 1
2
(1− ν) (trΦ)2 ], (44)
where κ is a shear correction factor. The role of shear correction factors has been exten-
sively discussed in the literature, see e.g. [25]. For the determination of the constitutive
coefficients presented in (44) Zhilin has employed the solutions of some shell problems
within the linear theory. Taking into account the relations Φ
.
= −cΨ and
tr
[
(cΨ)2
]
= tr
(
ΨTΨ
)− (trΨ)2 = 2‖ dev2 symΨ ‖2 − tr(Ψ2),
then we deduce from (44) the expression of the strain energy W as function of E , γ, Ψ :
2W = 2Wˇ (E ,γ,Ψ) = C
[
(1− ν)‖E‖2 + ν(trE)2 ]+ 1
2
C(1− ν)κγ2
+D
[
1
2
(1− ν)‖Ψ‖2 + 1
2
(1− ν) tr(Ψ2) + ν (trΨ)2 ], (45)
or equivalently,
2W = 2Wˇ (E ,γ,Ψ) = C
[
(1− ν)‖E‖2 + ν(trE)2 ]+ 1
2
C(1− ν)κγ2
+D
[
1
2
(1 + ν)(trΨ)2 + (1− ν) ‖ dev2 symΨ ‖2
]
.
(46)
In order to compare this with the energy (40) for 6-parameter isotropic shells, we insert
the expressions (32) into (46) and we find
2W (Ee,Ke) = C
[
1
2
(1 + ν)
(
1
2
‖Ee‖2 + tr(Ee‖)
)2
+(1−ν)‖1
2
Ee,TEe − 1
4
‖Ee‖2a + dev2 sym(Ee‖) ‖2
]
+ 1
2
C(1−ν) κ ‖n0Ee‖2
+D
[
1
2
(1 + ν)
(
tr(Ee,T‖ cK
e
‖) + tr(cK
e
‖) + tr[(
1
2
Ee,TEe + skewEe‖) b ]
)2
+(1− ν)∥∥ dev2 sym[Ee,T‖ cKe‖ + cKe‖ + (12 Ee,TEe + skewEe‖ ) b
]∥∥2].
(47)
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We observe that the energy (47) is super-quadratic as a function of the arguments
(Ee,Ke). In the case of physically linear shells, when only the quadratic terms in (Ee,Ke)
are taken into account, we obtain the simplified expression of the energy density (for the
case when the constitutive coefficients are independent of K0)
2W (Ee,Ke) = C
[
ν(trEe‖)
2 + 1
2
(1−ν) tr(Ee‖)2 + 12 (1−ν) tr(Ee,T‖ Ee‖)
]
+1
2
C(1−ν) κ ‖n0Ee‖2 +D[ tr(Ke,T‖ Ke‖)− 12 (1−ν) (trKe‖)2 −ν tr(Ke‖)2
]
.
(48)
By comparison of the relations (40) and (48) we see that the coefficients αk and βk that
correspond to shells without drilling rotations are
α1 = C ν, α2 = α3 =
1
2
C(1− ν) , α4 = 12 C(1− ν) κ,
β1 = −12 D(1− ν) , β2 = −Dν, β3 = D, β4 = 0.
(49)
or equivalently,
α1 = h
2µλ
2µ+ λ
, α2 = α3 = hµ , α4 = hµ κ,
β1 = −h
3
12
µ , β2 = −h
3
12
2µλ
2µ+ λ
, β3 =
h3
12
4µ(µ+ λ)
2µ+ λ
, β4 = 0.
Remark 6. We see that the inequalities (41) are not satisfied for the set of constitutive
coefficients (49). Indeed, we find
2α1 + α2 + α3 = h
E
1− ν = h
2µ(2µ+ 3λ)
2µ+ λ
> 0, α2 + α3 = h
E
1 + ν
= 2hµ > 0,
β2 + β3 =
h3
12
E
1 + ν
=
h3
6
µ > 0, β3 − β2 = h
3
12
E
1− ν =
h3
6
µ(2µ+ 3λ)
2µ+ λ
> 0.
but also
α3 − α2 = 0, 2β1 + β2 + β3 = 0, β4 = 0. (50)
This means that the strain energy (48) for shells without drilling rotations is not positive
definite, but only positive semi-definite. The existence theorem presented in [5] does not
apply here. The proof of the existence of minimizers is more difficult in this case, but
it can be pursued using the same methods as in Neff [24]. In the works [19, 24] a plate
model derived directly from the 3D equations of Cosserat elasticity is studied. The relation
α3 − α2 = 0 from (50) corresponds to the case of zero Cosserat couple modulus (µc = 0)
in [19, 24]. The comparison between the 6-parameter resultant shell theory and the model
developed in [19, 24] has been presented in [3, 4, 5].
Remark 7. In this section we have considered for simplicity the case when the constitutive
coefficients αk and βk are independent of the initial curvature tensor K
0 (or equivalently
on b, since aK0 = cb). However, a similar analysis can be performed also in the more
complicated case when the constitutive coefficients of the strain energy function W depend
on K0.
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